ON THE POLAR EQUATIONS FOR LINEAR SYSTEMS
AND RELATED NONLINEAR MATRIX
DIFFERENTIAL EQUATIONS (')

BY
GLEN J. CULLER (?)

0. Introduction. This paper is devoted to laying the groundwork for a theory
of matrix differential equations and associated linear systems. The fundamental
problem is that of characterizing the soluticns of general linear systems from
the coefficient matrices themselves. Classically this requires a study cf growth
and decay properties, oscillation properties, and expansion properties; for the
general problem the corresponding theories are far from complete. To develop
convenient tools we present an elementary treatment of the transformation
properties of matrix differential expressions in a form which directly reveals the
connection to classical matrix theory. Applying this we derive polar equations
for the general problem which provide a basis for separate studies of oscillation
properties and growth-decay properties. There is an intrinsic connection between
oscillation properties and expansion properties which will be detailed in a sub-
sequent publication.

As notation we will use Greek letters 7, &, etc., to designate constant vectors,
lower case English letters x, y, u, etc., for vector functions, upper case for matrices
(whether constant or not). The letter D is reserved for the formally self-adjoint
differential expression —i(d/dt). When D is applied to a vector or matrix functicn
it is, of course, applied to all components. Because we wish to emphasize the
isometric aspect of various transformations, we will call unitary matrices ‘‘iso-
metries’” and in the case of singularity, a transformation (or its matrix repre-
sentation) which preserves length on a subspace will be termed a partial isometry.

1. Matrix differential expressions. Let 4, B, C be n x n matrices, A and
Be%[0,1] and Ce¥ '[0,1]. We call P= ADC + B a matrix differential ex-
pression on [0,1]. Each P defines a linear transformation P:%'[0,1]— €[0,1]
from the space of differentiable n x n matrices into the space cf ccntinucus
n X n matrices

(1.1) P(Y) = AD(CY) + BY.
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ON THE POLAR EQUATIONS FOR LINEAR SYSTEMS 391

The Lagrange adjoint (or formal adjoint) makes correspond to each P another
expression P* obtained from P by a formal application of * under the rule:
(ST)* =T*S* where D* =D, and A" is the conjugate transpose of the matrix
A. Thus

(1.2) P=ADC+B; P*=cC*DA* +B*.

From this definition we obtain a simple form of the familiar Lagrange identity
extended to matrix differential expressions.

THEOREM(3) 1. If A and Ce%'[0,1], B€¥[0,1] and P=ADC + B then
(1.3) D(Y*ASCX)=Y*P(X)— (PH(Y))"X
for arbitrary X and Ye €'[0,1]
Proof. From the definition of Lagrange adjoint
Y*P(X) - (P*(Y)*X = Y*(AD(CX) + BX) — (C*D(A*Y) + B*'Y)*X.

Now observe that DZ may occur as a differential expression or as a derivative
of a matrix, these will coincide only when operating on constant matrices. To
distinguish these possibilities let (DZ)X note a matrix multiplier operator
applied to X, and let [DZ] denote a matrix differential expression. Then
(D2)* = —(DZ™), while [DZ]* =[Z+D]. In (1.3) above, (P*(Y)) is a matrix
so (P*(Y))* is just its conjugate transpose. With this in mind,

Y*P(X) - (P*(Y))*X = (Y*4)D(CX) + D(Y *A(CX) = D(YACX).

The Lagrange identity for one nth order linear equation is included in (1.3)
by considering an equivalent system of n linear equations; moreover, the La-
grange identity for a kth order matrix differential expression (of n x n matrices)
is also included in (1.3), the matrices then being of order kn x kn.

As always, integration of the Lagrange identity derives for us a Green’s
formula:

(1.4) J:[Y“(P(X))—(P*(Y))*X] dt = —iY*ACX|;.
DEFINITION 1. Two matrix differential expressions are said to be equivalent
(denoted by =) if the corresponding linear transformations are identical.
THEOREM 2. Two matrix differential expressions
P, = A,DC,+B,, AB;e%[0,1], C'e%'[0,1],
P, = A,DC, +B,, A,,B,€%[0,1], C,e¥%'[0,1],
are equivalent if and only if:

(3) The beginning stages of this development correspond to those given by Reid [19].
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(1.5) A,C, =4,Cy; A((DC,y) — A,(DC,) =B, — B,.

Proof. If P,Y=P,Y for all Ye%'[0,1], put Y=1I, then 4,(DC,)+ B,
= A,(DC,) + B,. Now this means that P;Y— P,Y=(4,C,)(DY) —(4,C,)DY
= (4,C; — 4,C,)(DY). But we can choose Yso that (DY) is nonsingular,
S A Cp = A,C,.

A case of frequent occurrence is C, = I, the identity matrix, then (1.5) may
be written

(1.6) A, = A,C,; A,DC, = B; —B,.

The criterion for Lagrange self-adjointness, (that is P = P*) is
a.mn AC=C*4*; AMDC)-C*(DA*)=B*-B
and for C =1 this reduces to

(1.8) A=4%; DA=B-B".

Matrix differential expressions can be multiplied on the rightby a differentiable
matrix or on the left by a continuous matrix and the result is a matrix differential
expression. Multiplication on the right corresponds to an allowable change of
dependent variables in the matrix equation P(X)=0, say X = TZ; whereas
multiplication on the left merely forms linear combinations of the original
component equations.

DEFINITION 2. Two matrix differential expressions P, Q are equivalent under
a transformation if there exist nonsingular matrices Se%[0,1], Te¢'[0,1]
such that P and SQT are equivalent.

DEFINITION 3. A matrix differential expression P = ADC + B is nonsingular
if AC is nonsingular.

THEOREM 3. Every nonsingular matrix differential expression is equivalent
under a transformation to the expression D. Specifically

(1.9) W*Y*PT=D=T*'P*W,
where P(T) =0, T(0) = C~*(0) and P*(W)=0, W) =(4*(0)"*.

Proof. Let AC be nonsingular on [0,1], with 4, Be ¥[0,1], Ce%'[0,1]
and P = ADC + B. With T as defined above we have for all differentiabie Z

PT(Z) = AD(CTZ) + BTZ = (AD(CT) + BT)Z + ACTDZ.

But AD(CT)+ BT=0, so T~ 'C A7 'PT is equivalent to D. Now suppose
Ae%'[0,1] so that P* is defined. Then the corresponding equivalence trans-
formation for P* makes W™ (4%) }(C*) " *P*Wequivalent to D. Now D=D"
so these expressions are Lagrange adjoints and equivalent. By choice of initial
matrices, Green’s Formula (1.4) shows that W+ACT=1 and we have (1.9).
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Thus, starting from any nonsingular expression P, this construction gives
an equivalence transformation to its adjoint; namely, P*= (T*) " 'wW*PTW ..

Matrix differential expressions can te combined in a variety of ways(4) to
build up linear matrix differential equations but only very special ones of these
relate in a natural way to the problems that arise in the discussion of systems
of linear equations. The most important type has the form:

(1.10) DY=AY+ YB; A,Be%[0,1].

We will need several basic properties of such equations which follow rather
naturally from certain transformation properties of matrix differential expressions
analogous to those well known for matrices. Let P and Q be matrix differential
expressions and let S, T, ¥ be nonsingular matrices on [0,1] with
Se¥%[0,1], T,y €€'[0,1] and Yy +=1.

DEFINITION 4 (EQUIVALENCES).

(a) P is similar to Q under T if Q=T ~'PT,

(b) P is congruent to Q under T if Q =T*PT,

(c) P is isometric to Q under ¥ if Q=y*Py.

THEOREM 4. If P=D 4+ B, Be¥%[0,1], then

(i) P is similar to D under T if and only if P(T) =0, T(0) nonsingular.

(ii) P is formally self-adjoint if and only if P is isometrically equivalent
toD,ie,D=y Py, yy* =1.

(iii) T"PT is formally self-adjoint if and only if T 'P(T) is Hermitian.

Proof. Let Ze%'[0,1], then T~ 'PT(Z)=DZ + T~ 'P(T)Z. That is,
1.11) T 'PT =D+ T 'P(T).

Observe that condition (1.8) with 4 = I applies to (1.11) which proves (i) and
shows that T~ 'P(T)= (T *P(T))" is the necessary and sufficient condition for
T !PT tobeequivalentto its adjoint. To prove (ii), use Theorem 3 with A=C = I,
then T= W since P+ =P, also W*+T=1 (see (1.9)) and thus T+*T=1I. For
the other direction of (ii), we know that Y Dy* is self-adjoint for all isometries
Y and P =y Dy + by hypothesis. Hence P = P+ follows from (i).

THEOREM 5. The family of all nonsingular solutions of the equation

DY =AY+ YB is precisely the same as the set of all transformation matrices
Y such that

(1.12) P=Y'QY; P=D+B,Q=D-4;

moreover, this family is obtained by forming all products XZ where D = ZPZ™!
and D=X"10X.

(4) For example XYA4.(DY)C,=X¥B,YE,
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Proof. Y 'QY=D+ Y !'Q(Y) by (1.11) and Y 'QY=B by hypothesis.
This proves (1.12). Now write Y= XZ in (1.12), then ZPZ™'= X" 'QX and
since Y is nonsingular, we can choose any nonsingular X € #'[0,1] and ask
for conditions on Z. Take Q(X) =0, then P(Z~!)=0 follows and by (i) of
Theorem 4, D =ZPZ™ ', D= X 'PX.

Certain equations of the form DY= AY + YB stand out because of the par-
ticularly simple structure of their solution matrices. We distinguish two types:
(1) Isometric equations, and (2) Hermitian equations.

DEFINITION 5. A matrix differential equation is said to be:

(1) Isometric, if every solution which is isometric at one value t =t is also
isometric for all te[0,1];

(2) Hermitian, if every solution which is Hermitian at one value t=71 is
also Hermitian for all te[0,1].

THEOREM 6. An equation DY= AY+ YB is isometric if and only if there
exist Hermitian matrices Hy, H,€%[0,1] and a function f(t)e¥[0,1] such
that A=H, +f()I, B=H, —f()I. It is Hermitian if and only if there is a
Ce¥[0,1] such that A=C+f(t)[, B=—-C* —f(I.

Proof. In Theorem 5 we can choose Z(0) = I, X(0) = I; then all solutions are
given by Y= XKZ, K a constant matrix. Suppose 4 = H, + f(1)I, B= H,—f(¢)I;
then AY+ YB=H,Y+ YH, for all Yso we may as well choose DX = H,;X and
DZ '=—H 2Z'l, but then X and Z are isometries. Thus Y is isometric if and
only if K is isometric. Now suppose DY= AY+ YB is an isometric equa-
tion; then at each t € [0,1] we can prescribe Y(t) =y to be an arbitrary isometry
and thus at each T we must have

DYY* + Y(DY")=A+yBy* — A —yB*Yy* =0.

Then A(z) — A*(z) + Y(B¥(r) — B(x))y* for all isometries ¥, which requires that
A(r) — A+(z) = ir(r)I and B*(zr) — B(z) = ir(z)I for some real function r(t).

To prove the second assertion, note that for sufficiency we may choose
DX =CX, DZ"'=C*Z ! and thus DZ = —ZC+. But Z(0) = Z(0)=1I requires
that Z= X" and the general solution is therefore Y= XKX+*. So Y can be
Hermitian at ¢t = 7 only if K is Hermitian; but then Y is Hermitian everywhere.

Now suppose DY = AY + YB is a Hermitian equation, then at each t € [0,1]
we must have A(t)H + HB(t) = —B*(t)H — HA*(z) for all nonsingular Her-
mitian matrices H, since we can prescribe Y(z) = H. But (A(z) + B*(z))H
+ H(A*(z) + B(r)) = 0 is only possible for arbitrary H if A(t) + B+(z) = ir(r)]
for somereal function 7(z). This leads to A(t)=C(z) + f(z)I, B(t)= — C+(7)—f(v)]
with ir(t) = f(z) — f(1).

Henceforth we will only consider isometric equaticns of the form
DY=H,;Y+ YH, and Hermitian equations of the form DY = CY — YC *since
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the alteration given in Theorem 6 does not affect the solution matrices. Thus,
apart from trivial exceptions, we can state:

REMARK. If P=D+B,Q=D— A, then DY=AY+ YB is

(1) isometric if and only if P=P+* and Q=0+,

(2) Hermitian if and only if P=Q*.

We can now summarize the elementary properties thus far obtained in the
following terms.

Consider the class of all n x n matrices that are nonsingular and of class *
on [0,1]. These form a group G under matrix multiplication and those that are
initially the identity matrix comprise a normal subgroup %;. The cosets obtained
from the partitioning of ¥ by %, each consists of those matrices with the same
initial value, that is, the cosets can be obtained from ¢; by multiplying on the
right by a constant matrix.

Now let & be the class of all matrix differential expressions P = ADC + B
where A, Ce¥ and Be%[0,1]. Each Pe& defines a linear transformation
from ¢ into €[0,1]. & is closed under multiplication on the right and left by
elements of ¢ and in particular every element P € & has a representation of the
form P = W™ 'DT ™! where W, Te % and P(T) =0, P+(W)=0. (Note: if Pe &
then P* € &.) Let &, be the subclass of & consisting of those expressions equiv-
alent to expressions of the form D + B. There is a 1-1 correspondence between
&p and ¥, obtained by ‘D + B« Yif and only if DY+ BY=0and Y(0)=1."
Also, for every P, Qe &}, there exists exactly one element Ye ¥, such that
YP = QY, in particular with P=D+ B and Q =D — A4, Y is the solution of
DY= AY+ YB, Y(0) = I. Thus all elements of &, are similar and the similarity
transformation matrices can be chosen from ¢,. If P and Q are self-adjoint then
this similarity is an isometry; if Q = P+ then this similarity is effected by a
Hermitian matrix.

2. Properties of the Laplace matrix transform. The Laplace operator trans-
form,

o«

2.1) ZHY) = f e~ Fye " ds,
0
has been studied by E. Heinz ([4], 1951) for bounded operators on a Hilbert
space. urther generalization to Banach algebras with identity has been ob-
tained by M. Rosenblum ([24], 1956). Here we are only concerned with the case
of matrices but will be interested principally in the case that F, Y are matrices of
functions (not involving the integration variable in (2.1)). With Y held fixed
Z(Y) is a nonlinear function of F defined on the set of positive definite matrices
into the space of n x n matrices. In the applications to polar decompositions
the nonlinear character is our main interest.
Let &, be the algebra of n x n matrices under the matrix norm
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22 IT| = sup |TZ|.
1&1=1

If J is a linear transformation of %, into %, we will use norm J as that induced
by (2.2),

L]
2.3) Ji| = Sup ~——=-.
171 =S =97

Under this definition the norm of a matrix considered as a matrix multiplier
(transformation equals the norm (2.2) of the matrix inducing it, so no confusion
should result from the two uses of | |.

LeMMA 1. If F(1)e%"[0,1] is a positive definite Hermitian matrix and
Y(t) € 6*[0,1] is arbitrary, then the matrix equation:

2.4) F()X + XF@) = Y(2)
has a unique solution X = X(t) and this solution is of class €*[0,1].
In particular,

(2.5) X(r) = J.: e SFOY(H) e FDds = Ly (Y(D);

the integral exists and converges uniformly for te[0,1].

Except for the differentiability with respect to a parameter this lemma is a
special case of the main results of Heinz and Rosenblum. The differentiability
follows in a routine manner from the fact that although DF/dt and F may not
commute, we still have | dF"/dt|| < n|dF/dt| |F|".

Regarded as a function of Y, Z((Y) is an invertible linear transformation of
the space of n x n matrices onto itself. It commutes with the multiplier trans-
formation defined through multiplication by F. From Lemma 1 we have the
following formulas:

ZFY)= FZKY), L(YF) = LKY)F,
(2.6) ZHFY+ YF) = FL(Y)+ Li(Y)F = Y,
Z:'(X)= FX + XF.

Considered as a function of F, £ (Y) satisfies a Lipschitz condition over the
class of positive definite Hermitian matrices.

LeMMA 2. If W=W*>0and V=V"* >0, then
27 12wl = 21wt [ 25t = 2w
238 | 2w- 2| < 2] 2wl | & [W-V].

IIA
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Proof. Thedefinition of #y, showsthat Ly (I)=2W ard L, (W™ )=1Ww"2,
thus for (2.7) it suffices to prove, for all Ye 4, that

Y 1 -
9 Ap = 12wl =5 1w ]

The left hand inequality follows directly from (2.6} since | WLy/(Y) + Ly (Y)W||
22| W| | Zw(Y)|. To obtain the right hand inequality, notice that fer
W= W™* >0 the largest eigenvalue of e *%, s = 0 is e ™*™, where m is the least
eigenvalue of W (and hence 1/m is the largest eigenvalue of W™!). From the
definition (2.1) and a norm property, we have

M [« o) _ _ o _ 1
[ 2w | s [Tlem e ass ([ Tpemmi as)iv] = 5l v

V] ]
which establishes (2.9). The nonlinear inequality (2.8) results directly from the
formula

(210)  Zy(Y) — LUY) = Ly(V - W)ZLy(Y) + Ly(Y)(V = W)).
To derive this formula, let Ye £,, then
WEw(Y)+ Lp(YI)W =Y = VZ,(Y)+ Ly(Y)V.
Now subtract W.Z,(Y) + Z(Y)W from both sides to obtain
WLLwW(Y) = Zy()] + [Lw(Y) = Ly (V)]W = (V= W)L(Y) + Ly(Y)(V— W),
which, by the definition of £, is equivalent to (2.10).
THEOREM 7. If H(t)= H*(t)e€¢[0,1] and K =K+ >0, then the

@.11) Wo)=K; Wesr()=K + fo Lo HE) dr,

sequence is defined on a neighborhood 0 Xt =< ty; all W, (t) are positive de-
finite Hermitian and the sequence converges uniformly to W(t) on this neigh-
borhood and the limit function matrix is the unique solution of the initial value
problem

aw
(2.12) ar - Lwe(H(D); w(0)=K.
This solution can be uniquely extended throughout the interval 0 <t <t,,

where t, is the least value of t such that
ty
K* + f H(z) de
V]

is a singular matrix. The solution W(t) is positive definite Hermitian on
0=st<t,.
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Proof. We first show that there is a neighborhood of the origin on which
all W, (¢) are defined and positive definite Hermitian.

Let
© M) = Suwp |W@ |,
0sSt=st

1 _
= sw W],
o = S [We]

h = Sup |HG()|
o<1

where ¢ is, of course, restricted to those values for which the right hand sides
are meaningful. From Lemma 2, (2.7) we have the estimate

|, Zocoti@ ae] < [ | 2mtin | des g

which gives the iterated estimates

: th th
—_— < < —_—
@13 Moo S M), M) S Mo + 50

by (2.11) and the triangle inequality for norms. In particular, we see recursively
that W, , (?) is positive definite on some sufficiently small neighborhood 0 £t<$é
since K > 0. Also (1) = My = |K™'|, Mo()=Mo=| K| and for all
matrices Y, Z,

o= Y] 2] = [K+DZ]| = Mo+ Y] | 2],
which gives (2.13). Now suppose

th ME
—_ < < =
(2.14) 20 My for 05t = h to
then } Ay < M ,(t) by (2.13) and
M3 ) B
th < 2h -
M () T (M) o

Since Wy(t) is defined on [0,1] and is Hermitian we have }.#, < #,(t) for
0<t=t,so Wy(®) >0 on this interval. The induction above then proves that
W (t)= Wf(®) >0 for 0<t=<t, and all k. Moreover we have the following
uniform bounds over this interval

@.15) IOl sMo + 752, IW0O] S -

The convergence properties now result from the nonlinear inequality (2.8)
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of Lemma 2. This is effectively a Lipschitz condition for £y (H) as a function
of W. As given by Lemma 2, the inequality is only known for positive definite
Hermitian Vand W, whereas the usual Lipschitz condition is assumed to hold
on all sufficiently small neighborhoods of the solution. We have already shown
that all X,(¢) are in the class for which (2.8) holds, so the remainder of the proof
is analogous to the classical Picard’s method.

(a) Convergence. Using (2.11), (2.15) and Lemma 2 we obtain

Wi () = WD) = f L (HE) — Ly, o HO] &

(2.16)

2h
sup [ Wees®= W] 5 () (Sup 1) = e i)

Let 0 < p < 1 and consider the interval 0 < t < pt, and denote:

2.17) || F [I = Sup F(t)eB,,
0=tspto

then (2.16) may be written

(2.18) "Wkﬂ—Wk" < P" Wk_Wk-lll'

Since p <1, the series K + X (W, ., — W,) converges in norm by the ratio
test (2.18) and thus by the choice of norm (2.17) the sequence of partial sums
converges uniformly on 0 =t < pt,. But

N-1

Wa(t) = K + ,Eo (Wes1(D) — Wi(1))

so the iteration sequence converges to a continuous limit function W(f) which
satisfies

t
W) =K + f PLww(H@D) dr,  0=t<pt,.
0

and is positive definite Hermitian on this interval. Moreover, applying (2.8)
to W(t), W,(t) and using the estimates as above, we have
2h
Sup " £ W(r)(H(T)) -Z Wk(r)(H (T))“ =< ‘7{—2 Sup " W(z) — Wi(7) ”
0stspto
and the sequence of derivatives dW,/dt converges uniformly to dW/dt.

(b) Uniqueness. We have only defined £y for W= W+ > 0 but if we re-
laxed this and defined Z,(Y) by means of the basic property (2.6) then the
differential equation (2.12) is still meaningful. In particular, we will prove that
if V(f)e#'is any matrix such that
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(2.19) %—?V(t) + V(1) ildTV = H(1), V(0)=K,

then V()= W(t) on 0 <t <6 for some d > 0. To see this, return to Lemma 2
and observe that equation (2.10) is valid with #,(H) replaced by dV/dt from
(2.19) because W(t) is positive definite. Thus

av v av
Ly HO) = 7 = fw(,,[(V— paavs W)],

and integrating this we have

dv
Sup | W(t)— V()| < ¢ [ Sup | Ly | “WM Sup | W) — V(1|
0=stst 0=t 0=st=t

but for ¢ sufficiently small, this is possible only when W(t) = V(¢).

(c) Extension. We show here that the above construction can be used to
extend the solution throughout the interval 0 < t < t,, where ¢, is the least value
of t such that

Ult)=K? + JtH(t) dt
[}

is singular. The matrix U(t) e ¥1[0,1] is Hermitian and for 0<t<1¢, it is
positive definite. From the definition of £y ,,(H(1)) equation (2.12) shows that
(AW/d)W + W(dW/dt) = dU/dt for 0 <t < pty. So W(¢) is a positive definite
square root of U(f). Now the convergence proof worked for any 0<p<1 so
we have W(f) on 0=t <t, If t,<t,, then let .# be the least eigenvalue
of W(t) for any 0 <t <t,. If we now begin anew at t = t, — #7/4h with the
initial value K replaced by W(t, — .#%/4h), then we can construct the solution on
to— ME/4h St <ty + M4 by (2.14). Thus extension is possible up to t,.

Finally, uniqueness holds on 0 < ¢ < ¢, since it holds on an initial closed inter-
val of positive width, so there can be no last point at which two solutions coin-
cide short of ¢;.

THEOREM 8. If H(t) e €[0,1], H(t)= H*(t), then the differential equation

d_.VtV = Ly WHOH®) + HOWX), WO)=W*0)>0

(2.20) 7]

has a unique solution on the whole interval [0,1], constructable by the Picard
method of Theorem 1. The solution is positive definite and Hermitian on [0,1].

Proof. By the definition of %, we may write (2.20) as

‘%V = W LW(H) + LH(H)W? = LyNLy(H)),
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where W =W *>0. Since W and W? are positive definite Hermitian matrices,
both %), and Z,: are bounded transformations by Lemma 2 and satisfy
restricted Lipschitz conditions in terms of Wand W2. But for H = H+, we have
dw/dt = (dW/dt)" and we can repeat all of the proof of Theorem 8 without
alteration. Actually, the complication introduced by #;,1 is a benefit to con-
vergence because | Ly3 | =2|| W|? whereas | Ly || =1 W|.

In the next section we will prove that the solution extends to the whole interval
[0,1] but for this we need a further property of Hermitian equations definedin §1.

3. Polar factors. In this section we will give a constructive method of deter-
mining the polar factors of a solution matrix for the general problem

(3.1) DY=AY, Y(0)=I; Ae%[0,1].

We should naturally look among the isometric equations to determine the iso-
metric factors and among the Hermitian equations for the positive definite Her-
mitian factors. This is feasible since the Hermitian equations have a definiteness
property.

REMARK 1. Every solution of a Hermitian equation DX = BX + XC which
is positive definite and Hermitian at one value t =1 is positive definite and
Hermitian on the whole interval [0,1], where B, Ce€¢[0,1].

Proof. In §1 we saw that for Hermitian equations there is a continuous
matrix 4 such that BX + XC = AX — XA™ for all X and found that all solutions
X = X(t) are of the form

(3.2) X(t)=Y@OKY*(), K a constant matrix,

where DY= AY and Y(0) is nonsingular. Now if X(tr) = X*(7) > 0,then
K=K*>0 since K=Y '(t)x(z)(Y " (z))*. But then Y()K Y+(t) > O for all
te[0,1] and hence X(¢) = X*(¢) > 0.

We may even restrict our attention to the simpler forms of isometric and

Hermitian equations.
REMARK 2. All differentiable isometries O are obtained as solutions of iso-

metric equations of the form
(3.3) DO = Hy®, ®(0)®*(0)=1; Hy,=H;e%[0,1]
and all differentiable positive definite Hermitian matrices are obtained as

solutions of Hermitian equations of the form

(3.4) %V = H,W + WH,, WO0)=W+©0)>0; H,=H}e%[0,1].
Proof. If ®®+ =1 and ®e%'[0,1], then (D®)®+ is Hermitian and con-
tinuous. If W = W+ >0 and We #'[0,1] then the equation dW/dt = XW + WX

has a unique solution
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0 _ d
= we W —sw
3.5) X Jo e e ds

by Lemma 1. This solution is both continuous and Hermitian since W(f) and
dWw/dt are.

The properties needed for the proposed polar decomposition arise as direct
corollaries of Theorems 7 and 8. Also, we have nowhere assumed either exist-
ence or uniqueness of square roots of non-negative definite matrices and both
follow from a simple limit argument and Theorem 7. Admittedly, this may only
be a curiosity, but since Picard’s method works it is reasonable to consider those
things constructable from (2.12); particularly since the square root of a matrix
still poses a challenging computational problem.

COROLLARY 1. If Ae‘f"[O,l] then the polar decomposition of every matrix
Y satisfying DY = AY, Y(0) invertible, has all its polar factors of class
#**1[0,1].

Proof. Let Y=WO =0V, W=W+ >0, &0+ =] be its polar decompos-
ition. Solve the equation

6O G = Luo(f YOY0), WO =FOT O

The solution exists on the whole interval since W?(f) = Y(t) Y*(¢) is nonsingular
on [0,1], thus W(t)e%'[0,1]. Now in (2.4) take the right hand side to be
(d/dt)(W*(1)), then X = dW/dt is the solution obtained in Lemma 1 with F(z)
replaced by W() and is of class #'[0, 1] since W(f) and Y(¢) are. Thus W(f)e ¢°[0,1]
and so forth until dW/dt is limited by the differentiability of (d/df)(W?3(¢)).
Since W() is of class ¥**'[0,1] this process may be continued to show that
W(t) is of class €**'[0,1]. Finally,

® = W'Y, so ®e%**'[0,1] and similarly, Ve®**'[0,1].

In general a positive definite Hermitian matrix of class *[0,1] has a square
root of the same differentiability by Remark 2 and the above. The positive defi-
niteness is clearly necessary on the closed interval as can be seen by the simple
counterexample in one dimension, W(f) =123 The differentiability properties
of the square root of positive definite Hermitian matrices and related regularity
questions has been carefully studied by Reid ([22], 1958) using the binomial
series approach. Our method presented here is constructively different and by
virtue of the exponential functions involved in constructing a solution to (2.12)
may have the advantage of more rapid convergence when used as the basis
for a numerical method. Although differentiability may not hold for square
roots of non-negative Hermitian matrices, they can still be be constructed
using the differential equation approach via (2.12).
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REMARK 3. The square root of a non-negative Hermitian matrix Q(s) may
be constructed by solving
3.7 W - apzyi-0), W-D=1I
on the interval —1 <t £0. The lim,_,, W(t,s) exists and equals Q/*(s).
Proof. Let U(t) =t4I + (1 —t4)Q and consider the equation (3.7). For
te[—1,0], U(f) > 0 and W(t) = (Y(1))"/% But t*is a lower bound on the eigen-
value of U(#) and hence 1/¢* is an upper bound for | W~'(#) || . Thus by Lemma 2,

aw ;
D) < alil? | 2wl 11 -2l = 4l¢] [1- 2],
and hence the limit from the left exists and equals Q'/2.
We are now in a position to combine the foregoing properties to separate
the polar factors in the solution Y of (3.1). Consider first the case of constant
coefficient matrix 4 in (3.1). Write A = H, — iH,; Hy, H, Hermitian. Then the

solution is
Y(t) = et(Hx +iHp)

and if H,, H, commute the polar factors are
W = etﬂl ¢ = eitﬂo.

In the general case, the exponential solution above need not hold and we are
led to the use of the Laplace matrix transform to obtain the desired separation
of polar factors. As above, write A = H, — iH, and let Y= {/Z. Then

DY = (DY)Z + YDZ = (H,— iH)YZ
and the equations for Z,} can be written

py=Ho; Z-nz; Hy=yHy.
Choose Y(0) = I, then v is isometric since H, = Hy and the problem is reduced
to the decomposition of Z. Let the polar factors of Z be Wand 6 (i.e., Z = W9).
Then by the definition of £y,

aw 2 2
(3.8) S = SV + W2Ly(H);  WO) =1,
and W can be constructed by Theorem 8. To obtain an equation for 6, observe
that
aw

— = W"(HZW—F) 0; 6(0)=1I.
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Using the identity H, = Zy(H)W+ WZy(H,) and (3.8) we have
(3.9) DO = i(WZy(H,) — Lyw(H,)W)0.

In the construction of the solution of (3.8) by the Picard iteration given above,
it is easy to obtain the matrix 2W.2,(H,). This matrix bridges the connection
betwezn the Z equation and its isometric factor equation.

THEOREM 9. Let H=H* e€%¥[0,1] and M =2W%(H), where

aw
= = ZwW? + W22y(H); WO =1
then the solution Z of
dZ
7; = HZ,; Z(O) =71

has a polar decomposition Z = W0, where
DO = K6; 6(0) =1
and M = H— iK.
The completion of the decomposition of Y is given by
Y = (rwy)(y+0).

The growth properties of the solutions are determined by W, which indicates the
value of a detailed study of equation (3.8) and the matrix M in their dependence
upon H. The development presented here does not require the restriction to a
finite interval and thus an asymptotic analysis is also suggested. Finally, it appears
that this formalism may have significant advantages in numerical calculations
because it so frequently happens that the rapid oscillations of component func-
tions in Y are consequences of the isometric factor in the solutions while both
M and W are well behaved. Thus the extent to which M may be used to answer
questions concerning oscillation characteristics is of importance.

The author is extremely grateful to Professors M. R. Hestenes and W. T.
Reid for making their works available and for their encouragement.
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